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ABSTRACT 
A variational approach has been used to solve the 
effective-mass equation, when the impurity ion is located 
at a depth d from the surface of a semiconductor, where 
O<d<db and db represents the case when the impurity lon lS 
in the bulk of the semiconductor. The ground state and the 
excited state having the largest electric dipole coupling 
to the ground state have been determined. We have plotted 
the energy dependence on the depth of the impurity lon from 
the surface of the semiconductor. The energy has also been 
calculated as a function of the orientation of the c-axis of 
the mass-ellipsoid to the surface of the semiconductor. 
Finally, the optical absorption coefficient for transitions 
from the ground state to the excited state has been calcu-
lated for the surface, bulk and the near surface states. 
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THEORY OF SHALLOW DONOR IMPURITY SURFACE STATES 
I. INTRODUCTION 
The shallow donor impurity problem in semiconductors 
was an active area of investigation in solids in the 
fifties. 1 - 3 Many investigators 3 considered the case where 
the impurity ion was located well within the bulk, in which 
case the electron moved in a Coulomb potential reduced by 
the dielectric constant of the semiconductor. 
In 1965, Levine 4 introduced the problem of the impurity 
ion on the surface of the semiconductor. He assumed that 
the electron was confined wholly within the semiconductor 
by an infinite surface potential. This led to the surface 
'selection rule', that the allowed states are those for 
which £+m=odd; £ is the orbital angular momentum quantum 
number and m is the magnetic quantum number. Levine's 
paper was followed by that of Bell et al. 5 in which they 
used Levine's potential to calculate the d±l levels in Si 
and Ge. Petukhov et al. 6 corrected Levine's potential by 
including the effect of image terms. Schechter 7 pointed 
out an error in Petukhov's paper and then correctly derived 
the potential for the surface problem. Using Schechter's 
potential, Tefft et al. 8 used a variational method with a 
better set of wave functions to study the shallow surface 
donor problem. 
In all of these investigations, the effective-mass-
approximation (EMA) was used to calculate the low-lying 
l 
energy levels of the shallow donor problem. Recently 
Faulkner 9 re-examined the shallow donor problem in the 
light of new experimental values of the low temperature 
dielectric constants and effective masses for Si and Ge. 
In this work, the case for the impurity ion located 
at a dept} d from the surface of a semiconductor 1s 
examined. In Section II the potential is derived in 
general for the ion in a region of dielectric constant Kz 
surrounded by a region of dielectric constant K1 . We use 
this potential in Section III in the effective-mass equation 
to solve for the energy levels of the ground state and the 
excited state having the largest electric dipole coupling 
to the ground state. The energy dependence on the depth 
of the impurity is calculated and displayed graphically for 
Si and Ge. In Section IV the optical absorption coefficient 
1s calculated for a uniformly-doped Si semiconductor from 
the surface into the bulk. The numerical results are 
discussed in Section V. 
2 
II. POTENTIAL FUNCTION 
In this section we will begin by setting up the 
potential due to an impurity ion located at a depth d from 
the surface of a semiconductor as shown in Fig. 1. This 
potential will be used in Section III to solve the one-
electron Schroedinger equation for the energy levels of 
the impurity atom in the host crystal. 
The exposed surface of the crystal 1s an (hk~)-plane; 
h, k and ~ being the Miller indices. This surface will be 
taken as the z=O plane, for the particular (hk~)-planc under 
discussion. Consequently, the z-axis is normal to the sur-
face and the x and y-axes are in the surface of the 
semiconductor. The dielectric constant of the region 
exterior to the semiconductor will have the value K 1 , and 
that of the semiconductor will be K 2 . 
The potential, U, will be made up of two parts, u1 and 
u2, defined as follows. U1 lS the potential due to the 
impurity ion of excess charge q, its image charge q' 1n the 
region of dielectric constant K 1 , and a charge q" located at 
the site of the impurity ion. This potential is given by 
2 2 2 ~ + 2 2 2 ~ ' z>O 
K2 [x +y +(z-d) ]
2 K2[x +y +(z+d) ]
2 
u1 (x,y,z,d) (2.1) 
II 
[ 2 2 "-]"2 Kl X +y +(z-d) 
' z < 0 • 
3a 
FIGURE 1. A is the location of the impurity ion at a depth 
d inside the crystal. The plane through 0 
perpendicular to OA is the surface of the crystal. 
4 
FIGURE 1 
Requiring that Poisson's equation holds everywhere and that 
the usual boundary conditions 10 are satisfied at the plane 
z=O, one obtains for q', the value 
5 
( 2 . 2) 
u2 is the potential resulting from the field of the image of 
the electron whose eigenvalues will be considered in 
Section III. This potential is given by, 
u2 (x,y,z) z>O , ( 2. 3) 
where e' is half the magnitude of the electronic charge. 
The potential barrier at the surface of the semiconductor 
will be taken to be infinite compared to the ionization 
energy of the impurity atom. 4 For later purposes, it is 
convenient to take the origin at the site of the impurity 
atom. We do this by replacing z-d by z', to obtain from 




2 2 2 k 




-e(K -K ) 2 1 
+ 2 2 2 k 





where we have assumed the excess charge of the impurity to 
be q=+e. The potential energy of the electron moving in 
this potential U is given by 
6 
<P (x, y, z 1 , d) = - eU (x, y, z 1 , d) ( 2 . 5) 
We observe that <P reduces to the form used earlier by 
Schechter 7 when d=O. 
III. ENERGY LEVELS OF THE EFFECTIVE-MASS-HAMILTONIAN 
The energy eigenvalues E of an electron moving in the 
potential U are calculated from the one-electron 
Schroedinger equation, 
Hlj; = (H +<I>)lj; 
0 
Elj; 
where m is the bare mass of the electron, and V is the 
periodic potential of the host lattice. We shall solve 
Eq. (3.1) within the context of the effective-mass-







( 3. 2) 
where the F(j) are slowly varying envelope functions and 
satisfy the equations, 
(3. 3) 
the ¢ (k(j) ,r) are the Bloch functions at the N equivalent 
n- -
minima, k(j)' of the conduction band, and the a(j) are 
constants satisfying the requirements of tetrahedral 
symmetry. In Eq. (3.3), m.Q, and mt are the effective-mass 
components, s(j) is measured relative to the bottom of the 
nth conduction band from which the localized wave packet is 
7 
8 
formed; also the c-axis of the mass-ellipsoid has been 
chosen to be at right angles to the surface of the semi-
conductor. We shall need a more general form of Eq. (3. 3) , 
for the cases where the c-axis of the mass-ellipsoid will be 
inclined at an angle y to the z-axis in the x-z plane. 11 
This form will affect only the kinetic energy terms; and so 
Eq. (3.3) becomes 
+ <PF(j)(r,y,d) (") E:(j)(y,d)F J (r,y,d) (3. 4) 
Since Eq. (3.4) cannot be solved exactly, we employ a 
variational method. Trial functions for the ground state 
and the excited state having the largest electric dipole 
coupling to the ground state are chosen and the energy 
values are calculated. The trial wave functions F. (i=l,2) l 





Each F. 1s zero at the plane z=-d. 
l 
Each F. approaches the appropriate bulk state type 
l 
as d~db, where db represents the minimum depth at 
which bulk state energy values appear. 
Each F. approaches the appropriate surface type as 
l 
d~o. 
Each F. 1s normalizable. 
l 
9 
The following wave functions are then chosen as trial wave 
functions for the two states considered. 
The ground state wave function is given by 
(3. 5) 
where A1 , B1 and c 1 are variational parameters, Ai(d) is a 
depth-dependent parameter such that, 
= {0.5, 
1 . 0 ' 
(3.6) 
The excited state wave function is given by 
( ) . [ -2 2 -2 2 -2 2 ~] F 2 x,y,z,d =N(x±1y) (z+d)exp -A 2 (d) (A 2 x +B 2 y +c 2 z ) 
2
, (3.7) 
where N is a normalization constant which is a function of 
A 2 , B2 and c 2 , the variational paramet
ers. 
depth-dependent parameter such that, 
A! (d) is a 
A2(d) = {1/3, 
1/2' (3. 8) 
The energy values E (i) (y ,d), (i=l, 2), are calculated over 
the region of space occupied by the semiconductor by 
minimizing the functional s[F.] with respect to A., B- and l l l 
t A· (i=l,2) has been introduced so that the single func-
tion Fi satisfies all the requirements (i-iv). Ai also 
plays the part of n-1, at the extreme ends, where n is 
the principal quantum number in solutions of the one-
electron Schroedinger equation in the central-field-
approximation. 
C. for a fixed value of d. 
l 







<F. IF.> l l 
This minimum gives an upper bound to the energy of the ith 




where Q is the region of space occupied by the semiconductor. 
Let 8 be a hermitian operator, then we can write for the 
expectation value of 8 over Q, 
<Fj8jF>all - <Fj8jF>d. 1 t . K1 
---=,..-=----s.._p_a_c e l e e c r l c ( 3 . 11 ) 
<F!F>all space - <FIF>dielectric Kl 
In order to simplify the integrals over all space in Eq. 
(3.11), the following coordinate transformation 11 was made: 
-1 p.cosw.sino. A. X = l l l l 
-1 p. s inw. sino. B. y = l l l l 
-1 p.coso. c. z = . l l l 
The Jacobian J. of the transformation is, 
l 
J. = A.B. C. p. 2 sino . , 





The contributions in Eq. (3.11) over the dielectric K1 were 
calculated numerically on an IBM 360 computer at the 
University of Missouri-Rolla. A detailed discussion of the 
evaluation of E(i) (y,d) can be found in Appendices A and B. 
In Appendix A we consider the case y=O, and the cases yfO 
are considered in Appendix B. 
12 
IV. RADIATIVE TRANSITION 
The interaction between the electron and the electro-
magnetic field is given by 
H' = e A · n , me L (4.1) 
where A is the magnetic vector potential, and E. lS the 
momentum of the electron. 
The matrix element for optical transitions is 
proportional to the square of the transition probability 
Tfi given by, 
c 4. 2) 
where w(g) and w(e) are the ground and excited states of 
interest. In the Born approximation the rate for optical 
absorption 12 is, 
c 4. 3) 
The incident radiation lS described by a vector potential 
as follows, 
A = Real part A e 1 (k·r-wt) 
-o --
E. -i}{'V 
The incident flux is <S>=w 2 IA0 1
2 Z~c , where n is the 
13 
refractive index of the medium. Using the form for A in Eqs. 
(4.1-4.3), we get 2 
2ne21A 12 
0 
11(2 2 2 
11 m c 
where ~ is the polarization of the incoming radiation field. 
The cross-section for optical absorption is 
(4.4) 
where a lS the fine structure constant. Assuming that the 
optical absorption spectrum has a Lorentzian shape 13 of 
width n, the cross-section becomes, 12 
0 (w) 
2 4n a 
(4.5) 
j 2: a~e)*a~g)(F~e):J2.F~g))·ffd-rj2 n/(2;) 2 . j=l J J J J (w-wfi) +n /4 
The above cross-section depends on the depth of the impurity 
through the energy terms and the wave functions. The 
3 
absorption coefficient for N impurities per em is given by 
the product of 0 and N, i.e., 
f.!· (d,w) = No. (d,w) 
l l 
( 4. 6) 
14 
V. NUMERICAL RESULTS 
The problem is now specialized to calculate the energy 
eigenvalues of the electron in Si and Ge as the host 
matrices, when the region outside the surface is a vacuum 
of dielectric constant K1 =1. The pertinent values of the 
physical parameters for Si and Ge used in the calculations 
are listed in Table I. 
TABLE I 























The effective-mass 9 values are, 
0.08152m, = 1.588m 
mt = 0.1905m, m£ 0.9163m. 
m = 9.1 x l0- 28 gm. 
Using these values, the energy values were determined as 
indicated in Section III. 
(i) Case y=O 
In this case the Hamiltonian has cylindrical symmetry, 
so that A.=B-. l l The integrals in Eq. (3.11) were evaluated 
1n closed form, excepting the contributions from the elec-
tron-ion image and the electron-ion potentials over the 
regions of dielectric constants K 2 and K1 , respectively. 
These terms were evaluated numerically. The results of 
15 
the calculations are shown in Figs. (2-5). We have plotted 
the energy as a function of depth. The results for Si are 
displayed in Figs. 2 and 3, when the exposed surface is an 
(100)-plane. In Figs. 4 and 5, the results forGe with an 
exposed (111)-plane are displayed. These figures show a 
smooth variation of the energy as a function of impurity 
depth. 
(ii) Case yfO 
Here we no longer have any simple symmetry; so we 
carry out the variational calculation for the parameters 
A., B. and C. all unequal. The integrals in Eq. (3.11) were 
l l l 
evaluated in closed form, excepting the contributions from 
the electron-ion and electron-ion image potentials which 
-1 
were calculated numerically. The term <(K 2r) > over all 
space was approximated to second order in f(w,o). 11 In 
keeping with our experimental work, we have considered only 
the energy values of Si when y=54.74°; this case being that 
for an exposed (111)-plane for Si. The results are displayed 
in Figs. 6 and 7. In the case for yfO, Figs. 6 and 7 show 
a smooth variation of the energy as a function of impurity 
depth just as for the case y=O. 
lSa 
FIGURE 2. The dependence of the impurity ground state energy 
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Impurity Depth (in units of 1.35 77 A0 ) 
FIGURE 2 f--J 0\ 
16a 
FIGURE 3. The dependence of the impurity excited state 
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17a 
FIGURE 4. The dependence of the impurity ground state energy 
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18a 
FIGURE 5. The dependence of the impurity excited state 







































































FIGURE 6. The dependence of the impurity ground state energy 
on the depth d of the impurity in Si. The angle 
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20a 
FIGURE 7. The dependence of the impurity excited state energy 
on the depth d of the impurity in Si. The angle 
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The values used in Eq. (4.5) are listed below; 
N = 5.0 X 10 17 





n = 0.06 X 10- 3 ev 
' 
( 5 . 1) 
m*-1 = lc_!_ + ~) 3 m .Q. mt 
1 
a = 137.04 . 
Prior to the work of Godwin and Tefft 15 the energy 
spectrum of shallow donor states in semiconductors had been 
determined only for the extreme cases. In their work they 
showed a smooth variation of the energy as a function of 
the impurity depth. The results here reproduce the earlier 
ones, except that the new values of the effective masses 
and the dielectric constants lead to states that are more 
tightly bound by about 8%. 
In this paper no attempt has been made to include 
central cell corrections. We know the importance of these 
corrections in the bulk but at the surface where the 'sur-
face selection rule' excludes s-states, we feel that their 
neglect does not vitiate our results for the 'near surface 
states'. Figure 8 shows the variation of the wave function 
density at the impurity site, normalized to unity for the 
bulk case, as a function of the depth of the impurity in Si. 
This figure shows that though we are within about 10% of 
the bulk energy value, the wave function density at the 
22a 
FIGURE 8. wrel = !wd(0)! 2 /Iwbulk(O) ! 2 The dependence of 
the square of the ground state wave function at 
the impurity site normalized to unity relative 
to the square of the bulk ground state wave 
function at the impurity site, on the depth of 
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FIGURE 8 
23a 
FIGURE 9. The variation of the average extent of the 
ground state wave function against depth of the 






Impurity Depth (in units of 1.3577 A0 ) 
FIGURE 9 
24a 
FIGURE 10. The plot of the average extent of the ground 
state wave function parallel to the plane of the 
semiconductor surface against the depth of the 
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25a 
FIGURE 11. The plot of the average extent of the ground 
state wave function perpendicular to the plane 
of the semiconductor surface against the depth 
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FIGURE 11 
at the impurity site 1s half that of the bulk case; hence 
we feel justified in neglecting these central cell correc-
27 
tions. We have also plotted in Figs. 9-11 the variation of 
the average Bohr radii aavg' A1 /A 1 and c1;A 1 as a function 
of impurity depth, respectively. We define a as follows, avg 
(5. 2) 
Figures 9-11 show how the wave function becomes more con-
centrated about the impurity site as one gets from a 2p 0 
state at the surface to a ls state in the bulk. In 
Tables II-IV, we list some values of the effective Bohr 
radii and energies at various substitutional planes for 
silicon and germanium. The absorption coefficient is 
determined for each depth of the impurity for the 'near 
surface states'. These 'near surface states' are defined 
to be those states within the first ten substitutional 
lattice planes. The total absorption coefficient for the 




= N L: a.(d,w) 
. 1 l l= 
The results are shown in Figs. 12-14. In Figs. 12 and 13 
( 5 . 3) 
we plot the absorption curves for the bulk case and 2p 0 like-
3d± like transition in silicon at an impurity depth d=4.0731 ~. 
In Fig. 13 we plot the total absorption coefficient for the 
28 
tandem of the set of ten planes. Within the context of the 
EMA, the solutions of Eq. (3.3) are degenerate for the 
bulk problem, and the a. coefficients required to satisfy 
J 
the tetrahedral symmetry are important. At the surface 
there no longer exists the tetrahedral symmetry of the 
crystal, due to the presence of dangling bonds; consequently 
the solutions of Eq. (3.3) from the different band minima 
are no longer degenerate. 
The graphs show that the absorption coefficient is 
larger in the bulk than at the surface. The difference 
between this result and that of the relative transitions 
calculated by Bell et al., 5 lies in the fact that they did 
not take into account the ratio of the energy differences 
between the two states. A method of checking the energy 
values at a particular depth experimentally is epitaxially 
doping the samples and carrying out an optical absorption 
spectrum measurement. 
28a 
FIGURE 12. The plot of the absorption coefficient against 
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29a 
FIGURE 13. The plot of the absorption coefficient against 
photon energy for a 2p 0 -like+3d±1 -like 
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30a 
FIGURE 14. The plot of the total absorption coefficient 
against photon energy for a 2p 0 -like~3d± 1 -like 























































The energy levels and the absorption spectrum have 
been calculated for an electron in the potential field 
developed in Section II by means of the EMA and a 
variational calculation. Our formulation can be used for 
32 
cases when the medium in contact with the semiconductor is 
an oxide layer. The theory of optical absorption is 
applicable to light doping concentration; with heavy doping 
one needs to account for a line width due to concentration 
broadening. 
TABLE II 
Energy Levels and Effective Bohr Radii for a (100) 
Set of Planes in Silicon 




































































































Energy Levels and Effective Bohr Radii for a (111) 
Set of Planes in Germanium 
Ground State. y=O 
Effective 
Bohr Radii (.~) -E 
ImEuritr DeEth A c (l0- 3 eV) 
0.0 72.50 53.20 4.45 
l.Oa 72.00 53.11 4.59 
2.0a 71.98 53.00 4.63 
3.0a 71.95 52.99 4.67 
4.0a 71.93 52.97 4.73 
5.0a 71.90 52.96 4.79 
6.0a 71.88 52.94 4.86 
7.0a 71.85 52.93 4.93 
8.0a 71.83 52.91 5.00 
9.0a 71.80 52.90 5.08 
Bulk impurity 62.90 22.20 9.77 
Excited State. 
0.0 174.60 183.9 0.979 
l.Oa 174.50 183.8 0.981 
2.0a 174.40 183.7 0.983 
3.0a 174.30 184.0 0.9845 
4.0a 173.50 183.2 0.986 
5.0a 173.40 183.1 0.988 
6.0a 173.32 183.0 0.9899 
7.0a 172.40 182.1 0.994 
8.0a 172.30 182.0 0.995 
9.0a 172.20 181.9 0.997 
Bulk impurity 76.6 31.0 1.72 
a = 2.4467 ]( 
34 
TABLE IV 
Energy Levels and Effective Bohr Radii for a (111) 
Set of Planes in Silicon 
Ground State. 
Effective 
Bohr Radii (_.~.) -E 
ImEurity DeEth A B c (l0- 3eV) 
0.0 29.7 36.88 41.92 12.06 
l.Ob 29.65 36.8 41.63 12.23 
2.0b 29.6 36.72 41.35 12.57 
3.0b 29.55 36.64 41.07 12.86 
4.0b 29.5 36.56 40.78 13.18 
5.0b 29.45 36.48 40.35 13.52 
6.0b 29.4 36.4 40.07 13.87 
7.0b 29.38 36.32 39.78 14.23 
b = 2.3411 R 
Excited State. 
0. 0 49.61 60.04 77.75 4.04 
l.Oa 49.56 59.96 77.465 4.09 
2.0a 49.51 59.93 77.18 4.135 
3.0a 49.46 59.85 76.895 4.175 
4.0a 49.41 59.77 76.61 4.21 
5.0a 49.36 59.69 76.325 4.24 
6.0a 49.31 59.61 76.04 4.266 
7.0a 49.62 59.53 75.755 4.29 
8.0a 49.21 59.45 75.47 4.306 




The Hamiltonian for the impurity problem has been 
developed already in Section III and is written again for 
completeness. 




GROUND STATE WAVE FUNCTION AND ENERGY 
The following wave function is chosen when the mass-
ellipsoid has its c-axis at right angles to the surface 
of the semiconductor. 
where A1 , B1 and c1 are variational parameters. 
by 
The expectation value of the energy operator is given 
s 1 (d) =Min s[F 1 ] 
<F 1 !HjF 1 >Q 
= Min 
<FljFl>Q 
Q lS the region defined by -oo<x<oo 
-oo<y<oo 
-d<z<oo 
The various terms which contribute to the energy s 1 (d) are 
listed below. We note that with y=O, the Hamiltonian has 
cylindrical symmetry and A1 =B 1 . 
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+ d ) - a -a + 4) e . (Al) 
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(ii) The repulsive energy of the electron and its lmage is 
+ e-a(3+a)] . (A2) 
(iii) The kinetic energy of the electron is 
= 
2 ~) + 3 
a 2 [ -a 2 3 -a 
+ 2nA{goo e (2-a+a) - a E1 (a)J-ioiTC16+a)} 
2 -a 
{ a [ 3 -a 2 ] e + nC 480 E1 (a)a -e (a -a+2) - 480 (144+54a)} 
(iv) The energy of the electron in the field of the 
impurity-ion image is 
-e (K -K ) 2 1 
2 ~ 
2 
= f ooJoo xy [ J o o 2 2 2 2 L exp -( ... ) dxdy [A1x +C 1 (y+a) ] 2 
(A3) 
(A4) 
(v) The energy of the electron in the field of the impurity 






f ool e-au a 3 2 4 1 [-- + ~Jdu ( 1) ~ 3 ;) n u - u u 
In the above equations, 
a = 








EXCITED STATE WAVE FUNCTION AND ENERGY 
Similar to the ground state, we choose a trial wave 
function and calculate contributions to the energy. The 
results of the calculations are listed below. 
40 
(AS) 
(i) The integral of the wave function squared is given by, 
e-a[24 + a(9+a)] (A6) 
41 
(ii) The energy of the electron in the field of the 
impurity ion is, 
2 ~ 2A2C2 3 2 -e e 2 2 Joo J'X> p z ex~[-(+++)] dzdp 2 = 6 0 0 2 2 . 2 L +y +z 32K 2 ~t 2 [A 2 p +C 2 (z+a) ] 2 
-e2A2d2 3(A~-2C~)arcsin6 3c 2 + 2 [ + J (A7) 4 (A2-C2)3/2 (A2-C2) 4A.2K2 2 2 2 2 
1Se 2A~C~ A~(A~-4C~)arcsin6 2 3 (A 2c 2+2C 2 ) [ + (A 2 -c 2) 2 J · 6 (A~-C~)S/2 16K 2 ~t 2 2 2 
(A2-C2)!z 
B 1 1 = Al 
When c 2 >A 2 , the value of over all space is given by 
(iii) The energy of the electron in the field of the 
impurity-ion image is, 
= 
2 3 
Joofoo z P exp[-( ... )] dzdp . 0 0 2 2 2 2 ~ [A 2 p +C 2 (z+a) ] 2 
42 
(A8) 
(iv) The repulsive energy between the electron and its own 
image is, 
{16a+e-a[l5+a(7+a)]} 
(v) The kinetic energy of the electron is, 








e-a 3 2 
- 3 2 ca +4a +9a+12)} 2 ~t 2 
where, 
a = 
e-a 6 5 4 3 2 1 7 P 1 = -;-Ca -a +2a +SOa +192a +384a+384)-1 a E1 
1 -a 6 5 4 3 2 1 7 P 2 = 1 e (-a +a -2a +6a +312a +1464a+2304)+1 a E1 
1 -a 6 5 4 3 2 1 7 P3 = 7 e (-a +a +12a +48a +144a +288a+288)+1a E1 
1 -a 4 3 2 1 5 P 4 = Se (a -a +2a +34a+64)-~a E1 
-a a
4 1 3 2 1 5 -a 1 6E P 5 = e (-~+3a +7a +20a+20)+ba e -ba 1 , 
1 -a 4 3 2 a 5 P6 = 5 e (-a +a +Sa +16a+16)+~E 1 
1 -a 6 5 4 3 2 1 7 q 1 = ~ (-a +a -2a +6a +32a +64a+64)+7a E1 , 
1 -a 6 5 4 3 2 1 7 q 2 = 7e (a -a +2a -6a +24a +216a+384)- 7a E1 
1 -a 6 5 4 3 2 1 7 q 3 = 7 e (a -a +2a +8a +24a +48a+48)-1a E1 
1 -a 4 3 2 1 5 q 4 = ~e (-a +a -2a +6a+16)+~a E1 , 
44 
1 -a 4 3 2 1 5 q4 = ~e (-a +a -2a +6a+l6)+~a E1 , 
1 -a 4 3 2 1 5 q 6 = ~e (a -a +2a +4a+4) -"5"a E1 




The same set of wave functions used in Appendix A lS 
chosen. The energy is then calculated and the results of 
the calculations are listed below. In evaluating the 
kinetic energy terms, the wave function was transformed so 
that the axes of the mass-ellipsoid and the axes defining 
the surface of the semiconductor were coincident. A 
description of the integration of these kinetic energy 
terms is given in Appendix C. 
GROUND STATE ENERGY TERMS 
(i) The integral of the wave function squared is given by, 
(Bl) 
(ii) The repulsive energy between the electron and its 
image is, 
(B2) 
-1 (iii) The integration of the term <(K 2r) > over all space 
is performed by expanding r-l to second order in f(o,w), 
where f is defined below; 
f(o,w) {[ 2 2 J [ 2 2 2 2 . 2 2-b 1 (l+a.) /3- (1-b.)+b.(l-a.)cos w]sln 8 l l l l 
where, 
a. =A./B., b. = B./C. (i=l,2) . 
l l l l l l 
Using this expansion, the energy of the electron in the 




27 2 2 2 (P + Q) 
8(l+a1b 1 +b 1 ) 
2c2 
e 1 
---.-4 ro foo roo g (x 'y' z) exp [- ( +++) J ' 




(iv) The energy of the electron in the field of the 
impurity ion image is, 
(B4) 
1oo1oo1oo g(x,y,z) exp[-( ... )] dxdydz . 
0 0 0 
In the above equations, 
a = 
c ... ) 2 2 2 !.,: = [x +y +(z-a) ] 2 
c +++) 2 2 2 !.,: = [x +y (z+a) ] 2 
g(x,y,z) 
(v) The kinetic energy of the electron 1s 
j go (y) d 2 + ~ + B( ) 





2 2 dC A2 . 2 c1 cos y A1 1 cosy 1 s1n y 16 g 6 (a" ) + g 7 (a" ) - 3 2 g 8 (a " ) 
+ ~~-2 ~c~o~s~s~i_n_(_1 ___ 1_ 
A1 m£ mt 
-a" 2 g 2 ~a" ) 
cosysiny[e 8 (2+2a"+ a" ) - 1 6 J 




sin 2 A = 1 (cos y + y) 
2:\1 rnt m.Q, 
}'i2B-2 




c = 1 (cos y + Slll y) 2:\ 1 rn.Q, rnt 
go(y) A2 . 2 2 2 = 1slll y + c1cos y 
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a = 
EXCITED STATE WAVE FUNCTION AND ENERGY 
(i) The integral of the wave function squared is g1ven by, 
= 
(ii) The repulsive energy between the electron and its 
image is 
(iii) Using the expression for f(o ,w) in Eq. (B3) to 
calculate the r-l term over all space, the energy of the 







- 3 [ L- ( ~+ ~ ) M] 




2 2 2 2 4 2 2 2 2 2 2 2 2 2 [8(A 2+B 2 ) (1-b 2 ) +b 2 (1-a 2 ) (SA 2+B 2 )+4b 2 (1-a 2 ) (1-b 2 ) (3A 2+B 2 )J 
14[1+b 2 (1+a~)] 2 
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(iv) The energy of the electron in the field of the impurity 
ion-image is, 
(B9) 
= J OOJOOJOO [ ( ) ] h(x,y,z) exp- ... 0 0 0 dxdydz 
where, 
2 2 2 2 2 
h(x,y,z) 
(A 2x +B 2y )z 
= 2 2 2 2 2 2 ~ ' [A 2x +B 2y +C 2 (z+b) J 
2 2 2 k ( ... ) = [x +y +(z-b) ] 2 
' 




(v) The kinetic energy of the electron 1s, 
<T>st = 






u2 . (1 1 
- P cosys1ny -----
m.Q, mt 
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-2cosyg 6 (y) 
( 2 . 2 ) sinycosy (C2 A2) cos y-s1n y 5 2 - 2 
A.2 
-sinyg 8 (y)-cosy[g 9 (y)+g10 Cy)] 
+sinyg 11 (y) 
3 d 2 B
2 






1 3 2 2 . 2 d2 +--
5
C2A -c 2 )sln ycosy+ cosy :\ 2 2'3 2 1\2 
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APPENDIX C 
EVALUATION OF THE KINETIC ENERGY TERMS 
In the evaluation of the kinetic energy terms for the 
case when yfO, Fig. Cl was used to define the various 
regions over which contributing terms to the kinetic energy 
were calculated. We have chosen the trial wave function to 
be zero along the surface of the semiconductor, with a 
functional form for the ground state being given as in 
Eq. (3.5) relative to the x' ,y' ,z' coordinate system. In 
the x,y,z coordinate system, the wave function becomes 
F'(x,y,z,d,y) = 
= , (A-2 2+B-2 2+C-2 2)~ fl Al 1 X 1 y 1 z 
The kinetic energy terms were then calculated over all 
space and in regions 2, 3 and 4. The contribution~from 
(Cl) 
(C2) 
all space and region 2 are listed in Appendix B. The 
contributions from regions 3 and 4 are defined as K for the 





-1 g (x, y, z) 
A xtany -1 1C y 2g- 1 (x,y,z)exp[- (g (x,y,z)] 
1 
(C3) 
2 2 -1 2 cl-ld')2J~ ' = [x +y +(A1c 1 xztany-
57 
d' = d cosy 
The integrals were evaluated by means of quadrature sums of 
the following forms. The quadrature formula 16 
Jb p(x)f(x)dx ~ 
0 
n 
~ A f(x ) 
K=l K K 
(C4) 
For a fixed n, contains the 2n parameters A and x (K = K K 
1,2, ... n). In Eq. (C4) p(x) is the weight function, f(x) 
is the function we are approximating and A and n coeffi-K 
cients so as to give the highest degree of precision. 
The integral over [0,1] was evaluated by using Gauss-
Legendre quadrature formulas defined as follows. The 
quadrature formula of the highest degree of precision 2n-1 
1 
J f(x)dx ~ 
-1 
(CS) 
has for its n nodes the roots of the Legendre polynomial of 
degree n: 
Similarly the integrals over [0,=) were evaluated by us1ng 
Gauss-Laguerre quadrature formulas. 
In our calculations, the correction term, K, did not 
contribute significantly to the energy for the ground state. 
The correction term Hover regions 2, 3 and 4 was similarly 
calculated for the excited state; here their contribution 
57a 
FIGURE Cl. OC is the surface of the semiconductor. A is 
the location of the impurity at a depth d from 
the surface of the semiconductor. 
58 
was still less significant than for the ground state. The 
expressions are very lengthy and since the contributions 
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